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Control of Grasp and Manipulation by Soft Fingers with
3-Dimensional Deformation

Akira NAKASHIMA ∗, Takeshi SHIBATA ∗, and Yoshikazu HAYAKAWA ∗,∗∗

Abstract : In this paper, we consider control of grasp and manipulation of an object in a 3-dimensional space by a 3-
fingered hand robot with soft finger tips. We firstly propose a 3-dimensional deformation model of a hemispherical
soft finger tip and verify its relevance by experimental data. Second, we consider the contact kinematics and derive the
dynamical equations of the fingers and the object where the 3-dimensional deformation is considered. For the system,
we thirdly propose a method to regulate the object and the internal force with the information of the hand, the object and
the deformation. A simulation result is presented to show the effectiveness of the control method.
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1. Introduction

Control of grasp and manipulation of an object by a multi-
fingered robot hand has been studied by many researchers. In
many researches, finger tips are considered as rigid bodies be-
cause the kinematics and dynamics of the hand and the grasped
object can be easily derived. However, the contact friction is
small because the contact between the finger and the object is
point. On the other hand, recently, finger tips made from soft
materials have been considered, which are called soft fingers.
Compared with the fingers made from hard materials, the soft
fingers have a lot of advantages [1]: the contact friction is large
since the contact is made on a surface; the soft finger can re-
duce the impact force in contact establishment; it can fit on a
large variety of shapes of the object; it can provide the moment
about the contact normal to the object. However, it is neces-
sary to consider the deformation of the soft finger for the model
construction and control method.

Arimoto et al. [2], Nguyen and Arimoto [3], and Doulgeri
and Fasoulas [4] considered a one-dimensional deformation
model of a hemispherical soft finger and proposed passiv-
ity based controllers to regulate an object and contact forces
by a two-fingered robot hand with the rolling contact in a
two-dimensional space. They derived a radial deformation
model. Nagase et al. [5] proposed a two-dimensional defor-
mation model of a hemispherical soft finger and presented con-
trollers to regulate the position and orientation of an object and
the internal force with and without the information of the defor-
mation and object. They considered radial and rotational defor-
mations. Inoue and Hirai [6]–[9] considered a two-dimensional
deformation model of a hemispherical soft finger tip with geo-
metric and material nonlinearities and proposed a manipulation
method based on the local minimum elastic energy with the
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rolling contact in a two-dimensional space. They considered
vertical deformation to the flat part of the soft finger and de-
formation parallel to the surface of the contacted object. These
studies proposed reasonable deformation models and control
methods for grasp and manipulation, which take into account
the properties of the deformation. However, since their de-
formation models and control methods are considered in re-
stricted two-dimensional space, their methods can not be ap-
plied to manipulation in a 3-dimensional space. Yokokohji et
al. [10] considered the grasp and manipulation of an object in
3-dimensional space by a three-fingered robot hand with hemi-
spherical soft fingers and proposed a controller with friction
compensation of the torsion moments about contact normals.
However, the deformation of the soft finger is not considered
because the contact is assumed to be point.

In this paper, we firstly derive a three-dimensional deforma-
tion model of a hemispherical soft finger, which is composed
of three translational forces and one torsion moment about the
contact normal. The all four force components generated by a
soft finger [11] is included in this model. The relevancy of the
deformation model is verified by experiment data. With this
model, we consider control of grasp and manipulation of an
object in 3-dimensional space by a 3-fingered hand robot, each
of which has three degrees of freedom. Second, we consider
the contact kinematics with the finger deformation and derive
the dynamical equations of the fingers and the grasped object
with deformation effects. For the system, we thirdly propose
a method to regulate the object and the internal force with the
information of the hand, the object and the deformations. A
simulation is presented to show the effectiveness of the control
method.

2. Finger Deformation Model
2.1 Problem Setting and Results

In this paper, a soft finger means a hemispherical soft mate-
rial, the flat part of which is attached to a rigid base in the left
of Fig. 1. We make a deformation model of a soft finger with a
contact to a plane of a polyhedral object in the right of Fig. 1.

The frame and coordinates of the configuration of the contact
point before the deformation are defined here. The finger frame
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Fig. 1 Soft finger and Contact situation.

ΣFi is attached to the center of the soft finger as in Fig. 2. The
subscript i denotes the number of the fingers. The yFi - and zFi -
axes are in the finger base and the xFi -axis goes through the
finger. Since the soft finger is a hemisphere, the contact point
on the soft finger tip before deformation is expressed by the
polar coordinates (θi, φi, ri), where θi, φi and ri are the angles
and radius. The contact frame ΣCFi

is attached at the contact
point, which is defined such that the xCFi

- and yCFi
-axes are

in the longitude and latitude through the contact point and the
zCFi

-axis is in the normal to the finger surface.
The configuration of the contact point after the deformation

is defined. When the finger is deformed with the contact on the
object, the contact surface is the circle from the geometry of the
finger and object as shown in the left figure of Fig. 3 (a). There-
fore, the contact point after deformation is defined as the cen-
ter of the contact surface. The right figure of Fig. 3 (a) shows
the cross section along the longitude through the contact point.
The deformed area overlapping the object is expressed by the
compressive deformation displacement δri ∈ R+ in the radial
direction. As shown in the left figure of Fig. 3 (b), the deforma-
tions along the finger surface are expressed by the shearing and
compressive deformation angles δθi , δφi ∈ R in the inverse di-
rections of (θi, φi). The torsion deformation on the contact sur-
face is expressed by the shearing deformation angle δψi about
the zCFi

-axis in the inverse direction. Define the deformation
coordinates as δi := [δri δθi δφi δψi ]

T ∈ R4. The deformation
definition is summarized by the following assumption:

Assumption 1 The elastic deformations of the soft finger are
composed of the shearing and compressive rotational displace-
ments (δθi , δφi ) in the left figure of Fig. 3 (b), the compres-
sive radial displacement δri in the right figure of Fig. 3 (a) and
the torsional displacement δψi about the contact normal in the
right figure of Fig. 3 (b). The directions of the displacements
(δθi , δφi , δri ) are defined as the inverse directions of (θi, φi, ri).

Fig. 2 The polar coordinates of the configuration of the contact point.

Fig. 3 The coordinates of the deformation of the soft finger.

To derive the elastic forces produced by the deformations, we
make the following assumptions:

Assumption 2 The forces produced by the deformations are
generated by Hook’s law with respect to the small elements of
of the soft finger.

Assumption 3 The deformation displacements are small
enough such that the forces generated by the deformation do
not depend on the path of the deformation.

Note that assumptions 2 and 3 are properties of elastic bodies
[12]. Therefore, these assumptions are reasonable.

From Assumptions 2 and 3, the forces produced by the de-
formations are derived as the functions of the deformation dis-
placements δi:

δF (δi, φi) :=
[
δFri

δFθi
δFφi

δFψi

]T ∈ R4, (1)

where δFri is the force in the radial direction and δFθi and δFφi

are the moments about the x′Fi
- and z′Fi

- axes in the left figure
of Fig. 3 (b). δFψi is the moment about the zCFi

-axis in the
right figure of Fig. 3 (b). The derivation and verification of the
deformation force δF ∈ R4 are shown in the following sections.
Note that δFi is not the generalized force vector which has 6
degrees of freedom and is just only the vectorization of δFri ,
δFφi ,

δFθi and δFψi .

2.2 Derivation of Deformation Force

2.2.1 Derivation of δFri

The left figure of Fig. 4 shows the cross section in the right
figure of Fig. 3 (a). Consider the dashed area of the small el-
ement dβi rotated about the center axis of the contact surface
through dγi as shown in the right figure. d fri is the force gen-
erated by the deformation δri at the point a. Since the force
parallel to the contact surface d fri sin βi is counteractive against
−d fri sin βi at the symmetric point b of a with respect to the cen-
ter axis, it is sufficient to consider forces d fri cos βi at the points
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Fig. 4 Derivation of compressive force by δri .

a and b normal to the contact surface. Since the compression
ratio at a is

ri − ri−δri

cos βi

ri
= 1 − ri − δri

ri cos βi
, (2)

the generated force d(δFri ) of the small area at a is given by

d(δFri ) = 2d fri cos βi, d fri = kri

(
1 − ri−δri

ri cos βi

)
ridβiri sin βidγi,

(3)

where kri is the stiffness coefficient. Then,

δFri =

∫ cos−1
(

ri−δri
ri

)

0

∫ π

0
2kri

(
1 − ri − δri

ri cos βi

)
r2

i sin βi cos βidγidβi

= πkriδ
2
ri
. (4)

2.2.2 Derivation of δFφi

Figure 5 shows the cross section such that the cross section
of Fig. 4 is moved in the z′Fi

-axis with the distance zi. Consider
the dashed area of the small element dli with the width dzi in
the z′Fi

-axis. Since the compression ratios of the compressive

and extensive directions are
δφi

φi
and

δφi

π−φi
, the generated moment

of the dashed area is given by

d(δFφi ) = li × kφi

(
δφi

π − φi
+
δφi

φi

)
dlidzi, (5)

where kφi is the stiffness coefficient. Then,

δFφi=

∫ ri

−ri

∫ √r2
i −z2

i

0
likφi

(
δφi

π − φi
+
δφi

φi

)
dlidzi

=
2
3

kφi r
3
i

(
1

π − φi
+

1
φi

)
δφi . (6)

2.2.3 Derivation of δFθi

Figure 6 shows the same cross section as Fig. 4. Consider
the shaded area with the widths dxi and dyi. The torsion angle
ϕ(xi) is given by

Fig. 5 Derivation of compressive moment by δφi .

Fig. 6 Derivation of shearing moment by δθi .

ϕ(xi) =
ri −

√
r2

i − x2
i

ri(1 − cos φi)
δθi . (7)

Then, the relative torsion angle between the top and lower of
the shaded area is derived as

dϕ =
δθi

ri(1 − cos φi)
xi√

r2
i − x2

i

dxi. (8)

From the relative angle dϕ, the shearing strain of the circular
ring with the radius yi is γ = yi×dϕ/dxi. Therefore, the moment
about the xFi -axis by the shearing strain γ is d(δFθi ) = yi ×
kθiγdxi × (2πyidyi). Then,

δFθi =

∫ ri sin φi

0

∫ √r2
i −x2

i

0
2πy3

i kθi

δθi

ri(1 − cos φi)
xi√

r2
i − x2

i

dxidyi

=
1

10
kθiπr4

i

{
1 + cos φi(1 + cos φi)(1 + cos2 φi)

}
δθi. (9)

2.2.4 Derivation of δFψi

Figure 7 shows the same cross section as Fig. 4. δFψi is the
moment about x′′Fi

of the center of the contact surface. Consider
the shaded area with the widths dxi and dyi. The torsion angle
ϕ(xi) is given by

ϕ(xi) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1 −
√

r2
i − (ri − δri + xi)2√

r2
i − (ri − δri )2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ δψi . (10)

Then, the relative angle between the top and lower of the shaded
area is derived as

dϕ =
δψi

ȳi

ri − δri + xi√
r2

i − (ri − δri + yi)2
dyi, (11)

Fig. 7 Derivation of shearing moment by δψi .
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where ȳi :=
√

r2
i − (ri − δri )2. From the relative angle dϕ, the

shearing strain of the circular ring with the radius yi is γ =
yi × dϕ/dxi. Therefore, the shearing moment about the x′′Fi

-axis
by γ is d(δFθi ) = yi × kψiγdxi × (2πyidyi). Then,

δFψi =

∫ δri

0

∫ ỹi

0
2πy3

i kψi

δψi

ȳi

ri − δri + yi√
r2

i − (ri − δri + yi)2
dxidyi

=
1

10
πkψiδψi {r2

i − (ri − δri )
2}2, (12)

where ỹi =

√
r2

i − (ri − δri + yi)2.

2.3 Experimental Validation of the Force Model

The subscript i of variables is dropped here for simplicity.
Figure 8 shows the experimental implements for the verification
of the deformation model. The left figure shows the soft finger
with the radius r=10[mm] attached to the 6-axis force/torque
sensor (BL-AUTEC, NANO 5/4). The right figure shows the
implement to realize the deformations δr, δφ, δθ and δψ by the
rotations ξ1, ξ2, ξ3 and the translation ξ4. Note that the ξ1–
ξ3 axes are orthogonal each other, the ξ3 axis is normal to the
finger base and the ξ1 axis is through the center of the finger.
The compressive displacement δr and angle δφ are realized by
ξ4 = δr with ξ2 = ξ3 = 0 and ξ1 = δφ with ξ2 = ξ3 = ξ4 = 0 re-
spectively. In both experiments, the contact angle φ is variable
by setting ξ1 =

π
2 − φ when δr = 0, δφ = 0. The shearing angle

δθ is realized by ξ3 = δθ with ξ1 = ξ4 = 0. The contact angle
φ is variable by setting ξ2 =

π
2 − φ when δθ = 0. The shearing

angle δφ is realized by ξ3 = δψ, ξ1 = ξ2 = ξ4 = 0. The material
of the soft finger is an urethane resin with the hardness C-5.

In Fig. 9, the figures (a)–(d) are the experimental results of
δFr with the contact angle φ =90–60[deg], respectively. The
each error bar �⊥ and circle ◦ represent the distribution and mean
value of four data at same δr. The stiffness coefficient kr is es-
timated by minimizing the following performance function of
kr with the force model (4) based on the least-squares method:

Jr(kr) :=
∑Nl

l=1

∑N j

j=1

{
δF̃l j

r − δFr(δ
j
r)
}2
, where Nl = 4 is the num-

ber of the cases of variable angle {φl} = {90, 80, 70, 60}[deg],
Nj = 5 is the number of the experiment data for each l,
{δ j

r} = {1, 2, 3, 4, 5}[mm], δF̃l j
r is the force data with δr = δ

j
r and

φ = φl, and δFr(·) is given by (4) of the paper. The estimated
stiffness coefficient is kr =0.377[N/mm2]. The solid lines rep-
resent the simulation of the force model (4) with the estimated
coefficient kr. Since the circles are very close to or almost on

Fig. 8 Experimental implements.

the solid lines, the force δFr is proportional to δ2
r . Furthermore,

it can be confirmed that the force does not depend on the con-
tact angle φ since all the four solid lines are close to the data.
These verify the relevance of the force model (4).

In Fig. 10, the figures (a)–(d) are the experimental results
of the contact angle φ =90–60[deg] with the fixed δr =

3[mm], respectively. The stiffness coefficient kφ is estimated
as kφ =0.166[N/mm2] by the same way as the experiment of
δFr. The each solid line is plotted with the corresponding con-
tact angle φ. Note that the gradients of the solid lines increase
as the contact angle φ decreases or increases from 90[deg] due
to the term

(
1
φ
+ 1

π−φ
)
= π

φ(π−φ) . Since the circles are very close

to or almost on the solid lines, the moment δFφ is proportional
to δφ and increases as φ decreases at the same δφ. These verify
the relevance of the force model (6).

In Fig. 11, the figures (a)–(c) are the experimental results
of the contact angle φ =60–40[deg] with the fixed δr =

3[mm], respectively. The stiffness coefficient kθ is estimated
as kθ =0.0266[N/mm3] by the same way as the experiment of
δFr. The each solid line is plotted with the corresponding con-
tact angle φ. Note that the gradients of the solid lines increase
as the contact angle φ decreases or increases from 90[deg] due

Fig. 9 Experimental results of the compressive radial force δFri .

Fig. 10 Experimental results of the compressive moment δFφ.
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to the term {1 + cos φ(1 + cos φ)(1 + cos2 φ)}. Since the circles
are very close to or almost on the solid lines, the moment δFθ is
proportional to δθ and increases as φ decreases at the same δθ.
These verify the relevance of the force model (9).

In Fig. 12, the figures (a) shows the experimental result with
the varied δφ and fixed δr = 4[mm] and the figures (b) shows the
experimental result with the varied δr and fixed δψ = 20[deg].
The stiffness coefficient kψ is estimated as kψ = 0.0488[N/mm3]
by the same way as the experiment of δFr. Since the circles are
very close to or almost on the solid lines, the moment δFψ is
proportional to δψ and increases as δr increases. These verify
the relevance of the force model (12).

Note however that the unit of the coefficients kθ and kψ is
[N/mm3] to make the right terms of (9) and (12) equal the mo-
ments δFθ and δFψ and therefore the coefficients do not have
physical meanings.

Remark 1 δFri ,
δFθi ,

δFφi and δFψi are the monotone increase
functions with respect to δri , δθi , δφi and (δri ,δψi ) respectively.
This property is important for a controller in the latter section.

Remark 2 In this paper, the stiffness coefficients are estimated
using the force model (1) as curves to fit the curves to the ex-
perimental data instead of identifying the modulus of longitu-
dinal and transverse elasticity of the soft finger by some mate-

Fig. 11 Experimental results of the shearing moment δFθ.

Fig. 12 Experimental results of the shearing torsion moment δFψ.

rial testings. Since structure of a function as a curve is impor-
tant for fitting the curve to data, the good fitness of the derived
force model to the experimental data shows the relevance of the
model.

Remark 3 The proposed method is an extension of the one
dimensional radial distributed model in [2]. while the model
in [2] is not compatible for some experimental results from an
experimental verification reported in [13], the proposed model
can be compatible for the reported experiment in [13] due to
one of the extended deformation δφi . Its verification can be per-
formed by calculating the force Fxi in the left figure of Fig. 3
(a), i.e., Fxi =

δFri sin(φi−δφ)+ δFφi/(ri−δri ) cos(φi−δφi ), with
variety of θp =

π
2 − φi.

3. Modeling

3.1 System Configuration

In this paper, we consider a 3-fingered robot hand grasping
an object as shown in Fig. 13. The finger tips are hemispheri-
cal elastic bodies attached to the ends of the third links of the
fingers and the object is a polygonal rigid body.

In Fig. 13, ΣB is the reference coordinate frame. ΣFi (i =
1, 2, 3) and ΣO are the coordinate frames fixed to the center
of the ith finger and the object, respectively. The configura-
tion of ΣFi relative to ΣB is represented by the position vec-
tor B pFi

(qFi
) ∈ R3 and the rotation matrix RBFi (qFi

) ∈ R3×3

where qFi
∈ R3 is the joint angle of the ith finger, and

qF := [ qT
F1

qT
F2

qT
F3

]T ∈ R9. Similarly, the configura-
tion of ΣO relative to ΣB is represented by B pO ∈ R3 and
RBO(BφO) ∈ R3×3 where BφO is the local parameterization of
RBO and qO := [ B pT

O
BφT

O ]T ∈ R6.
Figure 14 represents the neighborhood of the ith contact. ΣCFi

and ΣCOi
are the coordinate frames attached on the surfaces of

the ith finger and the object with the origins at the ith con-
tact point. The z fi - and zoi -axes of the frames are outward and
normal to the surfaces of the ith finger and the object, respec-
tively. The configuration of ΣCFi

relative to ΣFi is represented
by the position vector Fi pCFi

(α fi ) ∈ R3 and the rotation matrix

RFiCFi
(α fi ) ∈ R3×3. Similarly, the configuration of ΣCOi

relative
to ΣO is represented by O pCOi

(αoi ) ∈ R3 and ROCOi
(αoi ) ∈ R3×3.

α fi , αoi ∈ R2 are the local coordinates on the surfaces of the
fingers and the object. Note that α fi = [θi φi]T where θi and

Fig. 13 3-fingered robot hand grasping an object.
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Fig. 14 Contact coordinates.

φi are defined in Subsection 2.1. In addition, let ψi be the an-
gle between the x- axes of ΣCFi

and ΣCOi
without the torsion

deformation as shown in Fig. 14, then the configuration of the
contact points is described by η := [ηT

1 η
T
2 η

T
3 ]T ∈ R15, where

ηi := [αT
fi
αT

oi
ψi]T ∈ R5 is the contact coordinates [11].

τ := [τT
1 τ

T
2 τ

T
3 ]T ∈ R9 is the input to the fingers, where

τi ∈ R3 is the torque of the ith finger. Since the contact type is
the soft finger contact, the contact force is denoted by C FC :=
[C FT

C1

C FT
C2

C FT
C3

]T ∈ R12, where C FCi ∈ R4 is the frictional
force at the ith contact point.

3.2 Contact Kinematics with Deformation

It is necessary to consider the deformation effect into the con-
tact motion. In this subsection, we derive the contact kinemat-
ics between the hemispherical elastic body and the polygonal
rigid body based on the contact kinematics between rigid bod-
ies [11]. For derivation, we make the following assumption:

Assumption 4 The relative motion at the contact is the pure
rolling contact with the finger-tip’s radius is ri − δri .

The contact points of the finger and the object coincide with
each other [11]:

B pFi
(qFi

) + RBFi (qFi
)Fi pCFi

(δri , δθi , δφi ,α fi )

= B pO + RBO(BφO)O pCOi
(αoi ). (13)

The contact point on the ith finger pCFi
is given by

FipCFi
(δri , δθi , δφi ,α fi ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ri sinΦi

Ri cosΘi cosΦi

Ri sinΘi cosΦi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (14)

where

Ri := ri − δri , Φi := θi − δθi , Φi := φi − δφi . (15)

(14) is defined by Fig. 2. Since the contact normals and the
tangent planes at the origins of ΣCFi

and ΣCOi
coincide with each

other, the following equation holds [11]:

RBFi (qFi
)RFiCFi

(Θi,Φi)

= RBO(BφO)ROCOi
(αoi )RCOi CFi

(Ψi), (16)

where

RFiCFi
= RX(Θi)RZ(−Φi)

⎡⎢⎢⎢⎢⎢⎢⎢⎣
0 1 0
0 0 1
1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (17)

RCOi CFi
=

[
Rd
ψi

(Ψi) 02×1

01×2 −1

]
(18)

Rd
ψi

:=

[
cosΨi − sinΨi

− sinΨi − cosΨi

]
(19)

Ψi := ψi + δψi . (20)

RX and RZ are the rotation matrices about x- and z- axes and
RCOi CFi

is the rotation matrix from ΣCFi
to ΣCOi

. Rd
ψi
∈ R2×2 is

the rotation matrix from the x- and y- axes of ΣCFi
to the x- and

y- axes of ΣCOi
(See Fig. 14). Note that it is the modification

that the relative angle between ΣCFi
and ΣCOi

changes from ψi

to Ψi = ψi + δψi due to the torsion deformation δψi .
Differentiating (13) and (16) yields the following equation:

DFi (qFi
,Ri,Θi,Φi)

[
B ṗFi
BωFi

]
+

⎡⎢⎢⎢⎢⎢⎣ vb
FiCFi

ωb
FiCFi

⎤⎥⎥⎥⎥⎥⎦
= DOi (qO,Ri,Θi,Φi,αoi )

[
B ṗO
BωO

]

+

[
RT

COi CFi
vb

OCOi
RT

COi CFi
ωb

OCOi

]
+

⎡⎢⎢⎢⎢⎣ 03×1

ωb
COi CFi

⎤⎥⎥⎥⎥⎦ , (21)

where

DFi :=

⎡⎢⎢⎢⎢⎢⎣RT
BCFi

−RT
BCFi

(RBFi
Fi pCFi

)∧

03×3 RT
BCFi

⎤⎥⎥⎥⎥⎥⎦ (22)

DOi :=

⎡⎢⎢⎢⎢⎢⎣RT
BCFi

−RT
BCFi

(RBO
O pCOi

)∧

03×3 RT
BCFi

⎤⎥⎥⎥⎥⎥⎦ (23)

vb := RT ṗ, ωb := (RT Ṙ)∨. (24)

RBCFi
is the rotation matrix of ΣCFi

relative to ΣB. (·)∧ stands for
the skew-symmetric matrix equivalent to a vector product and
(·)∨ is defined such that (ω∧)∨ := ω. Calculating vb

FiCFi
, ωb

FiCFi

and ωb
COi CFi

in (21) by the definition (24) yields

vb
FiCFi

= vb(r)
FiCFi
− vb(d)

FiCFi
(25)

ωb
FiCFi

= ωb(r)
FiCFi
− ωb(d)

FiCFi
(26)

ωb
COi CFi

= ωb(r)
COi CFi

− ωb(d)
COi CFi

, (27)

where

vb(r)
FiCFi

=

[
Md

g fi
01×2

]
α̇ fi , ω

b(r)
FiCFi

=

[
EKd

g fi
Md

g fi
Td

g fi
Md

g fi

]
α̇ fi (28)

vb(d)
FiCFi

=

[
Md

g fi
01×2

] [
δ̇θi

δ̇φi

]
+

[
02×1

δ̇ri

]
(29)

ωb(d)
FiCFi

=

[
EKd

g fi
Md

g fi
Td

g fi
Md

g fi

] [
δ̇θi

δ̇φi

]
(30)

ωb(r)
COi CFi

= [0 0 ψ̇i]
T, ωb(d)

COi CFi
= [0 0 − δ̇ψi ]

T. (31)

Md
g fi
∈ R2×2, Kd

g fi
∈ R2×2 and Td

g fi
∈ R1×2 are the geometric pa-

rameters [11] of the ith finger. These are given by the following
forms where the deformation is considered:

Md
g fi

:=

[
Ri cosΦi 0

0 Ri

]
, Kd

g fi
:=

[ 1
Ri

0
0 1

Ri

]
(32)

Td
g fi

:=
[

1
Ri

tanΦi 0
]
, E :=

[
0 −1
1 0

]
. (33)

In (25)–(27), (vb(r)
FiCFi

,ωb(r)
FiCFi

) are the translational and rotational

velocities due to the finger and object motion while (vb(d)
FiCFi

,

ωb(d)
FiCFi

) are the translational and rotational velocities due to the

deformation motion. On the other hand, vb
OCOi

andωb
OCOi

in (21)
are given by [11]

vb
OCOi

=

[
Mgoi

01×2

]
α̇oi , ω

b
OCOi
=

[
EKgoi Mgoi

Tgoi Mgoi

]
α̇oi , (34)
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where Mgoi ∈ R2×2,Kgoi ∈ R2×2 and Tgoi ∈ R1×2 are the geo-
metric parameters of the object.

Substituting (25)–(31) into (21) results in

VCi := DFi

[
B ṗFi
BωFi

]
− Dδi δ̇i − DOi

[
B ṗO
BωO

]
(35)

=

⎡⎢⎢⎢⎢⎢⎣RT
COi CFi

vb
OCOi

RT
COi CFi

ωb
OCOi

⎤⎥⎥⎥⎥⎥⎦ −
⎡⎢⎢⎢⎢⎢⎢⎣ vb(r)

FiCFi

ωb(r)
FiCFi

⎤⎥⎥⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎣ 03×1

ωb(r)
COi CFi

⎤⎥⎥⎥⎥⎦ , (36)

where

Dδi (Ri,Φi) :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
02×1 Md

g fi
02×1

1 01×2 0
02×1 EKd

g fi
Md

g fi
02×1

0 Td
g fi

Md
g fi

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (37)

VCi := [ vCxi vCyi vCzi ωCxi ωCyi ωCzi ]T ∈ R6 is the rel-
ative velocity at the ith contact point, which is the velocity of
ΣCFi

with respect to ΣCOi
expressed in ΣCFi

. In the right side of
(35), the first and third terms are the velocities generated by the
finger and the object respectively. On the other hand, the sec-
ond term is the velocity generated by the deformation, which is
the modification in the contact kinematics with the deformation.
Substituting (25)–(31) into (36) and aggregating the resultant
equation for η̇i ∈ R5, we get the following contact kinematics
with the deformation:

α̇ fi = Md−1
g fi

K−1
Ri

(
E
[
ωCxi

ωCyi

]
− K̃goi

[
vCxi

vCyi

])
(38)

α̇oi = M−1
goi

R−1
ψi

K−1
Ri

(
E
[
ωCxi

ωCyi

]
− Kd

g fi

[
vCxi

vCyi

])
(39)

ψ̇i = ωCzi + Td
g fi

Md
g fi
α̇ fi + Tgoi Mgoi α̇oi , (40)

where

KRi := Kd
g fi
+ K̃goi , K̃goi := Rd

ψi
Kgoi R

d
ψi
. (41)

3.3 Dynamical Model with Deformation

From Assumption 4, the system is constrained by the pure
rolling contact, which is described by [11]:

BT
CVCi = 0, BC :=

[
I3 03×1

03×3 e

]
, (42)

where e := [0 0 1]T. Therefore, from (35) and (42) we get the
following constraint equation:

Motion Constraint

JCF (qF , δ, η)q̇F − Jδ(δ, η)δ̇ = JO(qO, δ, η)q̇O. (43)

JCF ∈ R12×9 is given by diagonalizing BT
C DFi JFi , where

JFi (qFi
) ∈ R6 is the jacobian of the ith finger from the joint ve-

locity to the velocity of the center of the finger tip. JO ∈ R12×6

is given by aligning BT
C DOi TO in column, where TO(qO) ∈ R6×6

is the transformation matrix from q̇O to [ B ṗT
O

BωT
O ]T.

The motion constraint (43) will be realized when the contact
force satisfies the following frictional condition:

Constraint of Contact Force

C FC ∈ FC, FC := FC1 × FC2 × FC3 ⊂ R12, (44)

where FCi describes the set of forces which lies in the friction
cone at ith contact point [11].

We finally derive the dynamical equations of the system. The
Lagrangian of the system is given by

L =
1
2

q̇T
F MF(qF)q̇F +

1
2

q̇T
O MO(qO)q̇O

−VF(qF) − VO(qO) −
∫ δ

0

δFT(δ̃)dδ̃, (45)

where MF ∈ R9×9 > 0, MO ∈ R6×6 > 0, VF and VO are the
inertia matrices and the potential energies of the fingers and the
object, and the final term is the potential energy of the finger
deformation. Applying (45) and (43) to the Lagrange equation,
we get the dynamical equations with the deformation:

Equations of Motion

MF(qF)q̈F + CF(qF , q̇F)q̇F + NF(qF) = τ − JT
CF

C FC (46)

MO(qO)q̈O + CO(qO, q̇O)q̇O + NO(qO) = JT
O

C FC (47)
δF(δ, η) = JT

δ
C FC , (48)

where CF ∈ R9×9, CO ∈ R6×6 are the Coriolis matrices,
NF ∈ R9, NO ∈ R6 are the gravity terms, and δF :=
[δFT

1
δFT

2
δFT

3 ]T ∈ R12. (46) and (47) are the equations of
motion of the fingers and the object, which are related to each
other by the contact force C FC .

Remark 4 (48) relates the contact force C FC to the deforma-
tion force δF. This is a new equation to characterize the soft
finger with the deformation.

Property 1 ṀF − 2CF and ṀO − 2CO are the skew symmetric
matrices [14].

4. Control Method
We propose control methods for the system composed of

(46)–(48), (43) and (44). It is assumed that JCF and JO are
full column rank, and Jδ is nonsingular.

For the control method in the latter, the each contact force
C FCi ∈ R4 is decomposed to the translational force fCi

∈ R3

and the torsion moment τCi ∈ R. Furthermore, the jacobians
JCFi

, JOi and Jδi are decomposed as

JCFi
=

⎡⎢⎢⎢⎢⎢⎣J f
CFi

JτCFi

⎤⎥⎥⎥⎥⎥⎦ , JOi =

⎡⎢⎢⎢⎢⎣J f
Oi

JτOi

⎤⎥⎥⎥⎥⎦ , Jδi =

⎡⎢⎢⎢⎢⎣J f
δi

03×1

Jτδi
1

⎤⎥⎥⎥⎥⎦ , (49)

where J f
CFi
R

3×3, JτCFi
∈ R1×3, J f

Oi
∈ R3×6, JτOi

∈ R1×6, J f
δi
∈

R
3×3 and Jτδi

∈ R1×3. By these decompositions, JT
CF

C FC in
(46), JT

O
C FC in (47) and (48) are rewritten as

JT
CF

C FC = J f T
CF

fC + JτT
CF
τC (50)

JT
O

C FC = J f T
O fC + JτT

O τC (51)
δ f = J f T

δ fC + JτT
δ τC (52)

δτ = τC , (53)

where δFi is decomposed to the three components δ f i ∈ R3 and
the forth component δτi ∈ R. Similarly, the deformation dis-
placements δi ∈ R4 are decomposed to the three components
δ f

i ∈ R3 and the forth component δτi (= δψi ) ∈ R. By this de-
compositions the motion constraint (43) is rewritten as

J f
CF

q̇F − J f
δ δ̇

f
= J f

O q̇O (54)

JτCF
q̇F − Jτδδ̇

f − δ̇τ = JτO q̇O. (55)

(54) and (55) are the translational constraint and the rotational
constraint about the contact normals respectively.
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4.1 Decomposition of Contact Force

In this subsection, we give an explicit relationship between
the contact force and internal force. Let FO ∈ R6 be defined as

FO := J f T
O fC + JτT

O τC , (56)

which is the resultant force to the object by the contact force
C FC . Solving (56) with respect to fC ∈ R9 leads to

fC = (J f T
O )+(FO − JτT

O τC) + KJ f T
O

f N , (57)

where (·)+ stands for the pseudo inverse matrix of its argument
and KJ f T

O
∈ R9×3 satisfies J f T

O KJ f T
O
= 0. Therefore, KJ f T

O
f N rep-

resents the internal force which causes no effect on the object
motion, where f N ∈ R3 is its magnitude. The expression of
KJ f T

O
is given by [15]

KJ f T
O
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
03×1

CF1 e13
CF1 e12

CF2 e23 03×1
CF2 e21

CF3 e32
CF3 e31 03×1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (58)

where CFi ei j ∈ R3 (i, j = 1, · · · , 3, i � j) is the unit vector from
the contact points i to j expressed in ΣCFi

and RBCFi

CFi ei j =

−RBCF j

CF j e ji. This internal force is illustrated in Fig. 15. Since
fNi is the magnitude of the pushing forces between two of the
contact points as shown in Fig. 15, the forces normal to the
surface increase in proportion as the internal force. Therefore,
since the other three components of the ith contact force in-
crease in proportion as the force normal to the surface [11], the
constraint of the contact force (44) is achieved by controlling
fNi appropriately.

4.2 Controller with Torsion Moment Compensation

The control objectives are shown in the followings:
(A) To regulate the object qO to a desired value.
(B) To regulate the internal force f N to a desired value.
To achieve these objectives, we propose a controller:

τ = J f T
CF

[
(J f T

O )+ KJ f T
O

] [NO − KOΔqO − JτT
O τC

f N − KNΔ f N

]
−Kv q̇F + NF + JτT

CF
τC , (59)

where ΔqO := qO − qOd
, Δ f N := f N − f Nd

, qOd
∈ R6 and

f Nd
∈ R3 are desired values of qO and f N , and KO > 0, Kv > 0

and KN > 0 are the controller gains. The controller (59) is con-
structed base on the decomposition of the contact force (57) and
the relationship between the contact force and the correspond-
ing input torque (50). In the controller (59), the terms JτT

CF
τC

and JτT
O τC are the compensators of the effects for the fingers

and the object by the torsion moment.

Fig. 15 Expression of the internal force.

Assumption 5 The following matrix is nonsingular.

L(qO, δ, η) :=

[ ∂FO

∂qO
− ∂FO

∂η HJO +KO
∂FO

∂δ

JO Jδ

]
, (60)

where FO = JT
OJ−T

δ
δF and H(δ, η) is given by diagonalizing

Hi ∈ R5×6 which is used in the another expression of (38)–(40),
i.e., η̇i = HiVCi .

Theorem 1 Suppose that (44) holds. Consider the closed loop
system composed of the equations of motions (46), (47), (48),
the motion constraint (43) and the controller (59). Then, q̇F →
0, q̇O → 0, δ̇→ 0, qO → qOd

and f N → f Nd
as t → ∞.

Proof. Consider a scalar function:

V :=
1
2

q̇T
F MF q̇F+

1
2

q̇T
O MO q̇O +

1
2
ΔqT

OKOΔqO + P, (61)

where P is the potential energy of the deformation:

P :=
∫ δ f

δ
f
d

(
δ f
(̃
δ

f ) − δf d

)T
dδ̃

f
+

∫ δτ

δτd

(
δτ
(̃
δ
τ) − δτd

)T
dδ̃

τ
(62)

δ f d := J f T
δ

[
(J f T

O )+ KJ f T
O

]
×
[
NO − KOΔqO − JτT

O τC

f N − KNΔ f N

]
+ JτT

δ τC (63)

δτd := τC . (64)

In (62), δ f
d ∈ R9 and δτd ∈ R3 are the deformation displacements

to satisfy δ f (δ f
d ) = δ f d and δτ(δτd) = δτd respectively. Note

from Remark 1 that there uniquely exist δ f
d and δτd to correspond

to δ f d and δτd, and⎧⎪⎨⎪⎩ P = 0 (δ f = δ f
d , δ

τ = δτd)
P > 0 (δ f � δ f

d or δτ � δτd)
. (65)

Let us consider the differentiation of V of (61):

V̇ = q̇T
F MF q̈F +

1
2

q̇T
F ṀF q̇F

+q̇T
O MO q̈O +

1
2

q̇T
O ṀO q̇O + q̇T

OKOΔqO + Ṗ. (66)

From (52), (53), (57), (63) and (64), differentiating P of (62)
with respect to time t by using Leibniz’s law leads to

Ṗ = δ̇
f T (δ f −δ f d

)
+ δ̇

τT (δτ −δ τd

)
= δ̇

f T
J f T
δ

[
(J f T

O )+ KJ f T
O

] [FO − NO + KOΔqO

KNΔ f N

]
. (67)

On the other hand, from (46), (50), (59) and (57),

MF q̈F + (CF + Kv) q̇F

= −J f T
CF

[
(J f T

O )+ KJ f T
O

] [ FO − NO + KOΔqO
KNΔ f N

]
. (68)

Furthermore, from (54),

q̇F = J f−1
CF

(
J f

O q̇O + J f
δ δ̇

f
)

(69)

Substituting (67) and (68) into (66) and calculating its resul-
tant equation by using Property 1, (69), (47), (51), (56) and
J f T

O

[
(J f T

O )+ KJ f T
O

]
= [I6 06×3] yield

V̇ = −q̇T
F Kv q̇F ≤ 0. (70)
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Table 1 Physical parameters.
Links (i = 1, 2, 3)
Length [mm] li1 = 76, li2 = 51, li3 = 52
Mass [×10−3kg] mi1 = mi2 = mi3 = 70
Inertia Moment [kgmm2] Iixx = 2.04,Iiyy = 31.5, Iiz = 31.4
Finger tips
Radius [mm] ri = 10.0
Spring Constant [N/mm2] kri = 0.377, kφi = 0.166
Spring Constant [N/mm3] kθi = 0.0266, kψi = 0.0488
Friction Coefficient μi = 0.5
Object (Rectangular Parallelepiped)
Length of Edges [mm] H×W×D = 60 × 56 × 36
Mass [×10−3kg] mo = 200
Inertia Moment [kgmm2] Ixx = 81.93,Iyy = 112.78, Izz = 74.70

Since V of (61) is bounded downwards, we get V̇ → 0 as t → ∞
from (70).

Next, let us consider the invariant set to satisfy V̇ ≡ 0, i.e.,
q̇F ≡ 0. Since J f T

CF
[(J f T

O )+ KJ f T
O

] is nonsingular, the following
relationships hold from (68):

KOΔqO = NO − FO (71)

KNΔ f N = 0. (72)

From (72), we get Δ f N ≡ 0. On the other hand, aggregat-
ing the differentiation of (71) and (43) for q̇O and δ̇ leads to

L[q̇T
O δ̇

T
]T = 0, where L ∈ R18×18 is defined in Assumption 5.

Since L is nonsingular from Assumption 5, the solution can not
stay in the region of [q̇T

O δ̇
T
]T � 0. This leads to q̇O ≡ 0 and

δ̇ ≡ 0. From q̇O ≡ 0, δ̇ ≡ 0, (71) and (47), we get

KOΔqO = 0, (73)

i.e., ΔqO ≡ 0. Therefore, from LaSalle’s invariance principle
[16], we get the claim of this theorem. �

In (61), f N can be replaced to f Nd
. Note however that KN

should be set as (I3 + KN) being nonsingular because (72) is
changed to (I3 + KN)Δ f N = 0.

Remark 5 The controller (61) can be extended to a controller
with the only finger’s variables qF , q̇F and fC by the same way
as shown in [5].

5. Simulation
The physical parameters of the fingers and object are shown

in Table 1. μi is identified using the experiment, where the
normal and tangential forces are measured by moving the
preloaded soft finger to the plate of the experimental imple-
ment in Fig. 8. Since μi is the dynamical friction coeffi-
cient, it is guaranteed that the contact force lines in the fric-
tion cone at the contact point. The initial values are qO =

[0 1 14.2[cm] 0 0 0[deg]]T, f N = [4.0 4.0 3.0]T[N]. The de-
sired values are qOd

= [−1 3 12.7[cm] − 15 15 15[deg]]T,
f Nd
= [6.0 6.0 5.0]T[N], and qOd

= [1 − 0.5 16.2[cm] 15 −
15 0[deg]]T, f Nd

= [3.0 3.0 2.0]T[N]. The gains in (59) are
KO = block diag(100I3, 0.3I3), Kv = 0.005I9 and KN = 1.5I3

In the simulation, it is assumed that qO and f N can be measured
in real time by certain sensors. The time spent of the simulation
and control period are 2[s] and 1[ms]. An approximated con-
servative workspace of the object is ±2[cm] and ±30[deg] from
the initial states. This is obtained by solving the contact rela-
tions (14) and (17) with assuming that the finger tips are spired
ones and the contact points do not change.

Fig. 16 Simulation result with the controller (59).

Figure 16 shows the simulation result with the controller
(59). The first and the second columns represent the position
and orientation of the object, and the third column represents
the internal force. The thick solid and dashed lines represent
the trajectories of the object and the internal force and the thin
solid lines represent the desired values. The thick single-dotted
lines represent the controller without the compensation of the
torsion moment. We can conform that the solid lines converge
to the desired values while the single-dotted lines have the
steady errors.

6. Conclusion

In this paper, we considered control of grasp and manipula-
tion of an object in 3-dimensional space by a 3-fingered hand
robot with soft finger tips. We firstly proposed a 3-dimensional
deformation model of a hemispherical soft finger tip and veri-
fied its relevance by experimental data. Second, we considered
the contact kinematics and derived the dynamical equations of
the fingers and the object where the 3-dimensional deforma-
tion was considered. These results contribute to the synthesis
of controllers of grasp and manipulation of an object by soft
fingers and construction of a numerical simulator to verify the
response of fingers and an object. For the system, we thirdly
proposed a method to regulate the object and the internal force
with the information of the hand, the object and the deforma-
tion. The simulation was shown to prove the effectiveness of
the control method.

A future work is the improvement of Fθ and Fψ in the pro-
posed force model because the coefficients kθ and kψ do not
have clear physical meaning.
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Appendix Nomenclature
[Frames]
ΣB is the reference coordinate frame.
ΣFi is the finger frame attached to the center of the soft finger.
ΣCFi

is the contact frame attached at the contact point on the finger.
ΣO is the frame attached to the center of the object.
ΣCOi

is the contact frame attached at the contact point on the object.

[Variables, Vectors and Matrices in System Configuration]
(θi, φi, ri) is the polar coordinates of the contact point of the finger,
where (θi, φi) and ri are the angles and radius.
δi := [δri δφi δθi δψi ]

T is the deformation displacement of the finger.
δri is the compressive deformation in the radial direction.
(δθi , δφi ) are the rotational shearing and compressive deformations in
the inverse directions of (θi, φi).
δψi is the shearing deformation about the inverse zCFi

-axis.
δFi:= [δFri

δFφi
δFθi

δFψi ]
T is the deformation force, where the com-

ponents are produced by δri , δφi , δθi and δψi respectively.
qFi ∈ R3 is the joint angle vector of the finger.
B pFi

(qFi
) ∈ R3 is the position vector of ΣFi with respect to ΣB.

RBFi (qFi
) ∈ R3×3 is rotation matrix of ΣFi with respect to ΣB.

B pO ∈ R3 is the position vector of ΣFi with respect to ΣB.
RBO(φO) ∈ R3×3 is the rotation matrix of ΣO with respect to ΣB.
BφO ∈ R3 is the local parameterization of RBO.
qO:=[B pT

O
BφT

O]T ∈ R6 is the position/orientation vector of the object.
Fi pCFi

(α fi ) ∈ R3 is the position vector of ΣCFi
with respect to ΣFi .

RFiCFi
(α fi ) ∈ R3×3 is the rotation matrix of ΣCFi

with respect to ΣFi .
O pCOi

(αoi ) ∈ R3 is the position vector of ΣCOi
with respect to ΣO.

ROCOi
(αoi ) ∈ R3×3 is the rotation matrix of ΣCOi

with respect to ΣO.
α fi ∈ R2 is the local coordinates on the surfaces of the finger.
αoi ∈ R2 is the local coordinates on the surfaces of the object.
ψi is the angle between the x-axes of ΣCFi

and ΣCOi
when δψi = 0.

ηi := [αT
fi
αT

oi
ψi]T ∈ R5 is the contact coordinates.

τi ∈ R3 is the input to the finger.
C FCi ∈ R4 is the frictional force at the contact point.

[Vectors and Matrices in Modeling and Control Design]
fCi
∈ R3 is the translational force of C FCi .

τCi ∈ R is the moment of C FCi .
JCFi
∈ R4×3 is the jacobian from q̇Fi

to the contact velocity.
JOi ∈ R4×6 is the jacobian from q̇O to the contact velocity.
Jδi ∈ R4×4 is the jacobian from δ̇i to the contact velocity.
MFi ∈ R3×3 is the inertia matrix of the finger.
MO ∈ R6×6 is the inertia matrix of the object.
CFi ∈ R3×3 is the Coriolis matrix of the finger.
CO ∈ R6×6 is the Coriolis matrix of the object.
NFi ∈ R3 is the gravity term of the finger.
NO ∈ R6 is the gravity term of the object.
J f

CFi
∈ R3×3, JτCFi

∈ R1×3 are the decomposed matrices of JCFi
.

J f
Oi
∈ R3×6, JτOi

∈ R1×6 are the decomposed matrices of JOi .

J f
δi
∈ R3×3, Jτδi

∈ R1×3 are the decomposed matrices of Jδi .
FO ∈ R6 is the resultant force to the object by C FCi .
KJ f T

O
∈ R9×3 represents the kernel of J f T

O , i.e., J f T
O KJ f T

O
= 0.

f N ∈ R3 is the internal force vector.
δ f

i ∈ R3 and δτi ∈ R are the decompositions of δi.
KO ∈ R6×6, Kv ∈ R9×9 and KN ∈ R3×3 are the control gain matrices.
Hi ∈ R5×6 is the matrix used in η̇i = HiVCi to express (38)–(40).


