
SICE Journal of Control, Measurement, and System Integration, Vol. 2, No. 2, pp. 107–116, March 2009

A Riemannian-Geometry Approach for Control of Robotic Systems under
Constraints

Suguru ARIMOTO ∗,∗∗, Morio YOSHIDA ∗, Masahiro SEKIMOTO ∗∗, and Kenji TAHARA ∗∗∗

Abstract : A Riemannian-geometry approach for control of two-dimensional object grasping and manipulation by using
a pair of multi-joint planar robot fingers is presented, together with a basic discussion on stability of position and force
hybrid control of redundant robotic systems under geometric constraints. Even in the case that the shape of the object is
arbitrary, it is possible to see that rolling contact constraints induce the Euler equation of motion in an implicit function
form, in which constraint forces appear as wrench vectors affecting on the object. The Riemannian metric can be intro-
duced in a natural way on a constraint submanifold induced by rolling contacts. A control signal called “blind grasping”
is defined and shown to be effective in stabilization of grasping without using the details of information of object shape
and parameters or external sensing. The concept of stability of the closed-loop system under constraints is renewed in
order to overcome the degrees-of-freedom redundancy problem. An extension of Dirichlet-Lagrange’s stability theorem
to a system of DOF-redundancy under constraints is presented by using a Morse-Lyapunov function.

Key Words : multi-body system, holonomic constraint, Pfaffian constraint, Riemannian submanifold, Morse-Lyapunov
function.

1. Introduction

Continued on the previous paper to be partially presented
in [1], a Riemannian geometry approach for robot control under
the condition of redundancy in DOF (Degrees-of-Freedom) to-
gether with holonomic and/or nonholonomic (but Pfaffian) con-
trol is presented. Position/force hybrid control is reinterpreted
in terms of “submersion” and hence the force control signal
constructed in the image space of the constraint Jacobian ma-
trix can be regarded as a lifting (or pressing) in the direction or-
thogonal to its kernel space. Therefore, the force control signal
does not affect the geodesics on the Riemannian submanifold
as a level set. By means of the submanifold distance, stability
on a manifold for a redundant system under holonomic con-
straints is introduced. A position/force hybrid control scheme
is proposed, which is shown to render the closed-loop system
asymptotically stable on a manifold.

The latter part of the paper is devoted to a control problem
of dexterity of a robotic hand composed of a pair of multi-joint
robot fingers grasping and manipulating a two-dimensional ob-
ject. Even if motion of the object/fingers system is planar, the
problem was so far tackled by assuming that the object has par-
allel flat surfaces, that is, the object must be of rectangular. In
this paper, an extension of modeling dynamics of physical inter-
actions of rolling contact for a rigid object of two-dimensional
arbitrary shape with a smooth contour is presented and geo-
metric structures of both the kernel and image spaces of the
constraint Jacobian matrix is analysed. The Euler equation of
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Fig. 1 A hand-writing robot with four DOFs whose endpoint P (= (x, y))
is constrained on a plane z = ξ.

the overall fingers/object system subject to the law-of-inertia
is derived, which includes arclength parameters of the object
contour curves. A couple of first-order differential equations
including the curvatures of the contours should be updated in
accompany with the rolling motion. It is shown that the orig-
inally nonholonomic rolling constraints are integrable in the
sense of Frobenius and therefore regarded as holonomic con-
straints. A coordinated control signal called “blind grasping” is
proposed and shown to be effective in realizing stable grasping.
A sketch of the convergence proof is given on the basis of an
extension of the Dirichlet-Lagrange theorem by introducing a
Morse-Lyapunov function.

2. Constraint Submanifold, Lifting, and Riemannian
Distance on a Submanifold

Consider a four-DOF robotic arm whose last link is a pencil
and suppose that the endpoint of the pencil is in contact with a
flat surface ϕ(x) = ξ, as shown in Fig. 1. The Lagrange equa-
tion of motion of the system is written by the form
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G(q)q̈ +

{
1
2

Ġ + S

}
q̇ + g(q) = −λ∂ϕ(x(q))

∂q
(1)

where G(q) denotes the inertia matrix of the arm, S a skew-
symmetric matrix, and λ the Lagrange multiplier. In this paper,
the set of all possible postures of the robot is regarded as a Rie-
mannian manifold denoted by {M, p, gi j}, where G(q) = (gi j).
Here, ∂ϕ/∂q can be decomposed into ∂ϕ(q)/∂q = JT(q)∂ϕ/∂x,
where J(q) = ∂x/∂qT. On the constraint Riemannian manifold
Fξ = {p| p ∈ M and ϕ(x(p)) = ξ}, let us consider a smooth
curve c(t) : I[a, b] → Fξ that connects the given two points
c(a) = p and c(b) = p′ where p and p′ belong to Fξ. The
length of such a curve constrained to Fξ is defined as

L(c) =
∫ b

a

√
gi j(c(t))ċi(t)ċ j(t) dt (2)

and consider the minimization

d(p, p′) = inf
c∈Fξ

L(c) (3)

that should be called the distance between p and p′ on the con-
straint submanifold. Then, the minimizing curve called the
geodesic denoted identically by q(t) (= c(t)) must satisfy the
Euler equation

q̈k(t) + Γk
i jq̇

i(t)q̇ j(t) = −λ(t) · (grad ϕ(x(t)))k (4)

together with the constraint condition ϕ(x(t)) = ξ, where

grad ϕ(x(t)) = G−1(q(t))JT(q)
∂ϕ

∂x
(5)

From (4) and the inner product of (4) and w = JT∂ϕ/∂x it fol-
lows that∑

k

(
wkq̈k + wkΓk

i jq̇
iq̇ j

)
= −λ

∑
k

wkgk jw j (6)

From the Riemannian metric introduced over u, v ∈ T Fξ, tan-
gent space of Fξ, by < u, v >= gi juiv j (summation over i, j is
omitted), we see (see [1]) that < w, q̇ >= 0, which implies

4∑
k=1

(
wkq̈k +

(
d
dt

wk

)
q̇k

)
= 0 (7)

Substituting this into (6) yields

λ(t) =
1

wTG−1w

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∑

k

⎛⎜⎜⎜⎜⎜⎜⎝ẇkq̇k −
∑
i, j

wkΓk
i jq̇

iq̇ j

⎞⎟⎟⎟⎟⎟⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (8)

From the Riemannian geometry, the constraint force λ(t) with
grad {ϕ(x(q))} stands for a component of the image space of w
(= JT(q)∂ϕ/∂x) that is orthogonal to the kernel T Fξ of w. In
other words this component is cancelled out by the image space
component of the left hand side of (6). From the physical point
of view, λ(t) should be regarded as a magnitude of the con-
straint force that presses the surface ϕ(x(q)) = ξ in its normal
direction. In order to compromise the mathematical argument
with such physical reality, let us suppose that the actuators can
supply the torque signal

u = λd · JT(q)
∂ϕ

∂x
+ g(q) (9)

Then, by substituting this into (1) we obtain the Lagrange equa-
tion of motion under the constraint ϕ(x(q)) = ξ:

G(q)q̈ +

{
1
2

Ġ + S

}
q̇ = −(λ − λd)JT(q)

∂ϕ

∂x

= −ΔλJT(q)
∂ϕ

∂x
(10)

where Δλ = λ − λd. It should be noted that introduction of the
first term of control signal of (9) does not affect the solution
orbit on the constraint manifold and further it keeps the con-
straint condition during motion by rendering λ(t) (= λd +Δλ(t))
positive. In a mathematical sense, exertion of the joint torque
λd JT(∂ϕ/x) plays a role of “lifting” of (or “pressing” to) the
image space of a gradient of the constraint equation. Further,
note that (10) is of an implicit function form with the Lagrange
multiplier Δλ. In order to assure the argument in treatment of
the geodesics through this implicit form, we will also show an
explicit form of the Lagrange equation expressed on the orthog-
onally projected space (kernel space) by introducing the orthog-
onal coordinate transformation

q̇ = (P, w‖w‖−1)

(
η̇
ż

)
= Q ˙̄q (11)

where P is a 4 × 3 matrix whose column vectors with the unit
norm are orthogonal to w and η̇ denotes a 3 × 1 matrix (3-dim.
vector) and ż a scalar. Since Q is an orthogonal matrix, Q−1 =

QT. Hence, if q̇ ∈ ker(w) (= T Fξ) then ż = 0. Restriction of
(10) to the kernel space of w can be obtained by multiplying
(10) by PT from the left in such a way that

PTG(q)
d
dt

(Pη̇) + PT

{
1
2

Ġ + S

}
Pη̇ = 0 (12)

which is reduced to the Eular equation in η̇:

Ḡ(q)η̈ +

{
1
2

˙̄G + S̄

}
η̇ = 0 (13)

or equivalently

η̈k + Γ̄k
i jη̇

iη̇ j = 0, k = 1, · · · , n − 1(= 3) (14)

where Ḡ(q) = PTG(q)P, Γ̄k
i j the Christoffel’s symbol for (ḡi j) =

Ḡ, and

S̄ = PTS P − 1
2

ṖTGP +
1
2

PTGṖ (15)

which is skew-symmetric, too [1]. Note that the transforma-
tion Q is isometric and equation (14) stands for the geodesic
equation on the constraint Riemannian submanifold.

3. Position/Force Hybrid Control for Redundant Sys-
tems

Let us now consider the position/force hybrid control for the
redundant robot with four joints constrained on a plane ϕ(x) = ξ
when ϕ(x) = z (see Fig. 1). Suppose that a target endpoint
position x = xd = (xd, yd, zd = ξ) is given together with the
target pressing force λ = λd. Similarly to the control signal
proposed by McClamoroch and Wang [2],[3], we consider the
control signal

u = g(q) −Cq̇+λd JT(q)
∂ϕ

∂x
− JT(q)(ζ

√
kẋ + kΔx) (16)

where ϕ(x) = z, ẋ = (ẋ, ẏ, 0)T, and Δx = (x − xd, y − yd, 0)T.
Substituting this into (1) yields

G(q)q̈ +

{
1
2

Ġ + S +C

}
q̇ + JT(q)

{
ζ
√

kẋ + kΔx
}

= −Δλ ∂z
∂q

(17)
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The inner product of (17) and q̇ under the constraint yields
d
dt

E(q, q̇) = −q̇TCq̇ − ζ √k‖ẋ‖2 (18)

where

E(q, q̇) =
1
2

q̇TG(q)q̇ +
k
2
‖Δx‖2 (19)

Unfortunately this quantity E(q, q̇) is not positive definite in the
tangent bundle M × T Fξ. Nevertheless, it is possible to see that
magnitudes of q̇ and Δx remain small if, at initial time t = 0,
‖q̇(0)‖ and ‖Δx(0)‖ are appropriately small. Let us now intro-
duce the equilibrium manifold as

EM1 = {q | z(q) = ξ, x(q) = xd, and y(q) = yd} (20)

which is of one-dimension. To discuss stability of an equilib-
rium point q∗ belonging to EM1 or convergence of an orbit q(t)
of (17) to some other point on EM1 with increasing t, we need
to introduce the concept of neighborhoods in the constraint
manifold by defining a Riemannian ball around q∗ ∈ EM1

B(q∗, r0) =
{
q | d(q, q∗) < r0, q ∈ Fξ

}
(21)

with some positive number r0 > 0 such that the Jacobian matrix
J(q) (= ∂(x, y)T/∂qT) is nondegenerate and there exist positive
numbers σm and σM satisfying

σMI2 ≥ J(q)JT(q) ≥ J(q)PϕJT(q) ≥ σmI2 (22)

where Pϕ = I4 − wwT/‖w‖2. Following the definition of stabil-
ity on a manifold previously defined in the case that the robot
endpoint is free to move (see [1]), we define:

Definition a) If, for any ε > 0, there exist δ(ε) > 0 and r1 >

0 (that is independent of ε but may be less than r0) such that q(t)
of a solution of (17) starting from (q(0), q̇(0) = 0) in B(q∗, r1)
with ‖x(q(0)) − xd‖ < δ remains inside B(q∗, r0), its endpoint
satisfies ‖x(t) − xd‖ < ε, and approaches asymptotically to the
EP-manifold EM1 with q̇(t)→ 0 and Δλ(t)→ 0, then the equi-
librium point q∗ is said to be stable on EP-manifold.

It should be remarked that the quantities ε and δ(ε) are taken
on the basis of physical unit [m] in E2 or E3 but r0 and r1 are
based on the Riemannian metric originally introduced for mea-
suring the distance d(q, q̄) between two postures q and q̄ of the
robot. The condition that the robot posture q(t) should remain
in a Riemannian ball during its motion is indispensable in order
to avoid possibility of incurring self-motion that may arise in
the case of redundancy in the system’s degrees-of-freedom.

Another definition of a more severe stability motion is given
as follows:

Definition b) If for any ε > 0 there exists a number δ(ε) > 0
such that any trajectory of (17) starting from an arbitrary ini-
tial position q(0) inside B(q∗, δ(ε)) with q̇(0) = 0 remains in-
side B(q∗, ε) for any t > 0 and further approaches asymptoti-
cally to some posture q∞ on EM1 together with q̇(t) → 0 and
Δλ(t)→ 0, then the posture q∗ on EM1 is said to be stable on a
submanifold (see Fig. 2).

In this severe definition of stability of motion, numbers ε and
δ(ε) are based on the Riemannian metric originally introduced
on the Riemannian manifold {M, p, gi j}. Since the function x(q)
is of C∞-class as a mapping x : M → E2, the stability of b)
implies that of a).

We are now in a position to show that, in most ordinary cases
of robotic systems, any equilibrium position q∗ having a Rie-
mannian ball B(q∗, r0) that satisfies (22) is stable in either mean-
ing a) or b). To do this, let us introduce a scalar quantity

Fig. 2 Definition of the Riemannian ball B(q∗, δ). Any orbit starting from
B(q∗, δ) converges to EM1 ∩ B(q∗, ε).

V(q, q̇) =
1
2
ζ
√

k‖Δx‖2 + q̇TGJ+Δx (23)

and consider

Wα(q, q̇) = E(q, q̇) + αV(q, q̇) (24)

where α > 0 is a parameter less than or equal to 1 and
J+(q) = Pϕ(q)JT(q){J(q)Pϕ(q)JT(q)}−1 that is nothing else but
the pseudo-inverse of J(q)Pϕ(q). Then, the derivative of Wα in
t along the solution trajectory to (17) is given by

Ẇα = −c‖q̇‖2 − ζ √k‖ẋ‖2 − αk‖Δx‖2
+αq̇TGJ+ ẋ + αh(q̇,G)Δx (25)

where we set C = cI4 with a constant c > 0 to simplify the
argument and define

h(q̇,G) = q̇T

{(
1
2

ĠPϕ + S Pϕ

)
J+ +GJ̇+

}
(26)

where we denote dJ+(q)/dt by J̇+ for simplicity. Note that the
1 × 2-vector h is quadratic in components of q̇ and each co-
efficient of q̇iq̇ j (for i, j = 1, · · · , 4) is at most of order of the
maximum eigenvalue of G(q) denoted by gM . Hence, it follows
from (25) that

|h(q̇,G)Δx| ≤ gMl0σ
−1
m ‖q̇‖2‖Δx‖ (27)

where l0 signifies a constant that is of order of the maximum
link length (because the Jacobian matrix J(q) is homogeneously
related to each of the three link lengths of the robot shown in
Fig. 1). Further, note that

q̇TGJ+ ẋ ≤ γ
2

q̇TGGq̇ +
1

2γ
ẋT(J+)TJ+ ẋ

≤ γgM

2
q̇TGq̇ +

1
2γσm

‖ẋ‖2 (28)

where γ is an arbitrary positive parameter. Let us now set the
parameter γ as

1/γ = 2σmζ
√

k (29)

and choose the damping coefficient c > 0 so that it satisfies

c ≥ max{3gM , 2γg
2
M} (30)

Then, substituting (27) and (28) into (25) by referring to (29)
and (30) yields

Ẇα ≤ −3c
4
‖q̇‖2 − αk‖Δx‖2 + αgMl0

σm
‖Δx‖‖q̇‖2 (31)
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As for ordinary sizes of a hand-writing robot shown in Fig. 1,
gM and l0 have physical scales such as

gM ≤ 0.001 [kgm2], l0 ≤ 0.25 [m] (32)

and k with the unit [N/m] is chosen between k = 5.0 ∼ 50.0
[N/m] and ζ is set around ζ = 1.0. By this choice for k and ζ,
we have k > 2ζ

√
k. Similarly to (28), note that

q̇TGJ+Δx ≤ γgM

2
q̇TGq̇ +

1
2γσm

‖Δx‖2 (33)

Hence, it follows from (30) that

Wα =
1
2

q̇Gq̇ +
k
2
‖Δx‖2 + αζ

√
k

2
‖Δx‖2 + αq̇TGJ+Δx

≤ 1 + αgMγ

2
q̇TGq̇ +

1
2

(
k + αζ

√
k +

α

γσm

)
‖Δx‖2

≤ c
2
‖q̇‖2 + k‖Δx‖2 (34)

for any parameter value for 0 < α ≤ 1. If σm is not so small
that it satisfies

gM/σmζ
√

k = 2γgM ≥ 1 (35)

then we set α = 1.0 as the maximum value. Otherwise, choose

α =
σmζ
√

k
gM

(
=

1
2γgM

)
(36)

Then, from a similar argument in derivation of (34) it follows
that

Wα ≥ 1 − αgMγ

2
q̇TGq̇ +

k + αζ
√

k − α/γσm

2
‖Δx‖2

≥ 1
4

q̇TGq̇ +
k
4
‖Δx‖2 ≥ 1

2
E(q, q̇) (37)

That is, Wα(q, q̇) is positive definite in q̇ and Δx.
Consider now a solution trajectory (q(t), q̇(t)) to (17) starting

from (q(0), q̇(0) = 0) for q(0) ∈ B(q∗, r1) with some r1 (≤ r0)
with ‖x(q(0)) − xd‖ ≤ δ for some δ > 0. For the time be-
ing, assume that the solution orbit q(t) remains inside B(q∗, r0).
During that period it is important to note that

‖x(q(t)) − xd‖ ≤ δ (38)

because E(q(t), q̇(t)) is non-increasing with increase of t ac-
cording to (18). Therefore, if we choose

δ(ε) = min

{
ε,

cσm

4gMl0
,
αr0

4
√

3k

}
(39)

then ‖Δx(0)‖ < δ(ε) implies that

gMl0
σm
‖Δx(t)‖ ≤ gMl0

σm
‖Δx(0)‖ ≤ c

4
(40)

from which (31) is reduced to

Ẇα ≤ − c
2
‖q̇‖2 − αk‖Δx‖2 (41)

The reason of existence of the last member αr0/4
√

3k in { } of
(39) will be explained later. This inequality (39) together with
(34) means

Ẇα ≤ −αWα (42)

which shows

Wα(q(t), q̇(t))≤Wα(q(0), q̇(0))e−αt=
3k
4
‖Δx(0)‖2e−αt (43)

Along the solution trajectory of (17), we now conclude that∫ t

0

√
< q̇(τ), q̇(τ) > dτ =

∫ t

0

√
q̇T(τ)G(q(τ))q̇(τ) dτ

≤
∫ t

0

√
2E(q(τ), q̇(τ)) dτ ≤

∫ t

0

√
4Wα(τ) dτ

≤ √3k‖Δx(0)‖
∫ t

0
e−(α/2)τ dτ ≤ 2

√
3k
α
‖Δx(0)‖

≤ 2
√

3k
α
δ (44)

Since the Riemannian distance of any geodesic curve c(t) : I =
[a, b] → Fξ that connects the postures c(a) = q(0) and c(b) =
q(T ) is invariant under the change of length parameter such as
s = βt + η with any constant β > 0 and η, we see that from (3)
and (44)

d(q(0), q(t)) = inf
c∈Fξ

L(c) =
∫ t

0

√
gi jq̇iq̇ j dτ ≤ 2

√
3k
α
δ (45)

Thus, once we choose δ(ε) for any arbitrary given ε > 0 so that
it satisfies (39) and set r1 = r0/2, we obtain

d(q(t), q∗) ≤ d(q(t), q(0)) + d(q(0), q∗)

<
2
√

3k
α
δ(ε) + r1 ≤ r0

2
+

r0

2
= r0 (46)

provided that q(0) ∈ B(q∗, r1) and ‖Δx(0)‖ < δ(ε). Further,
asymptotic convergences of q̇(t) → 0 and x(t) → xd as t → ∞
follow from the exponential convergence of Wα(q(t), q̇(t)) and
E(q(t), q̇(t)) to zero as t → ∞. All these facts imply that q(t)
approaches asymptotically some point q∞ ∈ EM1 ∩ B(q∗, r0).
Finally, note that asymptotic convergence of the solution trajec-
tory to some q∞ on the equilibrium manifold implies also the
asymptotic convergence of constraint force λ(t) to λd as t → ∞
because Δλ = λ − λd is expressed as

Δλ(t) =
1

wTG−1w

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∑

k

⎛⎜⎜⎜⎜⎜⎜⎝ẇq̇k −
∑
i, j

wkΓk
i jq̇

iq̇ j

⎞⎟⎟⎟⎟⎟⎟⎠

−wTJT
(
ζ
√

kẋ + kΔx
) ⎫⎪⎪⎬⎪⎪⎭ (47)

and this right hand side converges to zero as t → ∞.
The stability notion of a Riemannian ball in a neighborhood

of a reference equilibrium state q∗ on EM1 is extended to cope
with the case that the initial velocity vector q̇(0) is not zero. To
do this, we define an extended Riemannian ball in the tangent
bundle M × T Fξ around (q∗, q̇ = 0) in such a way that

B {(q∗, 0); (r0, rK)}
=

{
(q, q̇) : d(q, q∗) < r0,

√
(1/2)q̇TḠ(q)q̇ < rK

}
(48)

where d(q, q∗) denotes the distance between q and q∗ restricted
to the submanifold Fξ and Ḡ is defined below (14).

Definition (Asymptotic Stability on a Submanifold)
If for any ε > 0 there exist numbers δ(ε) and δK(ε) such that

any solution trajectory of (17) starting from an arbitrary initial
position and velocity inside B{(q∗, 0); (δ(ε), δκ(ε))} remains in
B{(q∗, 0); (ε, rK)} and further converges asymptotically to some
equilibrium point q∞ ∈ EM1 with still state, then the reference
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Fig. 3 Two-dimensional object grasping by a pair of multi-joint robot
fingers.

point with its posture on EM1 is said to be asymptotically stable
on a constraint submanifold.

It should be remarked that Bloch et al.[4] introduces orig-
inally the concept of stabilization for a class of nonholonomic
dynamic systems based upon a certain configuration space. The
redefinition of stability concepts introduced above is free from
any choice of configuration spaces (local coordinates) and as-
sumptions on an invertibility condition (that is almost equiv-
alent to nonlinear control based on compensation for nonlin-
ear inertia-originated terms). Liu and Li [5] also gave a ge-
ometric approach to modeling of constrained mechanical sys-
tems based upon orthogonal projection maps without deriving
a compact explicit form of the Euler equation like (14) with
a reduced dimension due to constraints. Therefore, the pro-
posed control scheme was developed on the basis of compen-
sation for the inertia-originated nonlinear terms (that is almost
equivalent to the computed torque method). A naive idea of
stability on a manifold by using different metrics for the con-
strained submanifold and its tangent space was first presented
in [6] and used in stabilization control of robotic systems with
DOF-redundancy [7],[8].

Finally it should be remarked that the artificial potential in
task space (k/2)‖Δx(q)‖2 can be regarded as a Morse func-
tion with the constraint ϕ(x) = ξ on a differentiable manifold
(M, p). The stability result is also regarded as an extension
of the Dirichlet-Lagrange theorem of stability of motion to the
case of robot motion under redundancy in degrees-of-freedom
and a holonomic constraint.

4. 2-dimensional Stable Grasp of a Rigid Object with
Arbitrary Shape

Consider a control problem for stable grasping of a 2-D rigid
object by a pair of planar multi-joint robot fingers with hemi-
spherical finger-tips as shown in Fig. 3. In this figure, the two
robots are installed on the horizontal xy-plane E2. We denote
the object mass center by Om with the coordinates (xm, ym) ex-
pressed in the inertial frame. On the other hand, we express a
local coordinate system fixed at the object by Om-XY together
with unit vectors rX and rY along the X-axis and Y-axis respec-
tively (see Fig. 4). The left-hand side surface of the object is
expressed by a curve c(s) with local coordinates (X(s),Y(s)) in
terms of length parameter s as shown in Fig. 4.

First, suppose that at the left-hand contact point P1 the finger-
tip of the left finger is contacting with the object. Denote the

Fig. 4 Definitions of physical symbols in relation to rolling contact. θ1
denotes θ1(s) appearing in (49).

Fig. 5 Physical and geometrical meanings of key variables ln1(s) and
le1(s) defined in relation to the object contour c(s) expressed in
terms of length parameter s of the curve.

unit normal at P1 by n1 and the unit tangent vector by e1.
Note that n1 is normal to both the object surface and finger-end
sphere at P1 and e1 is tangent to them at P1, too. If we denote
position P1 by local coordinates (X(s), Y(s)) fixed at the object
(see Fig. 4), then the angle from the X-axis to the unit normal
n1 is assumed to be determined by a function on the curve:

θ1(s) = arct(X′(s)/Y ′(s)) (49)

where X′(s) = dX(s)/ds and Y ′ = dY(s)/ds. Then,

P1P′1 = ln1(s) = −X(s) cos θ1(s) + Y(s) sin θ1(s) (50)

which is dependent only on s and therefore a shape-function of
the object. On the other hand, this length can be expressed by
using the inertial frame coordinates as (see Fig. 5)

P1P′1 = (xm − x01) cos(θ + θ1(s))

−(ym − y01) sin(θ + θ1(s)) − r1 (51)

Hence, the left-hand contact constraint can be expressed by the
holonomic constraint

Q1 = −(xm − x01) cos(θ + θ1) + (ym − y01) sin(θ + θ1)

+(r1 + ln1(s)) = 0 (52)

where ln1(s) denotes the right hand side of (50) and θ1 = θ1(s)
for abbreviation.

Next, we note that the length OmP′1 can be also regarded as a
shape-function of the object as in the following:
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OmP′1 = le1(s) = X(s) sin θ1 + Y(s) cos θ1 (53)

On the other hand, this quantity can be also expressed as

OmP′1 = Y1(t) = −(xm − x01) sin(θ + θ1)

−(ym − y01) cos(θ + θ1) (54)

Hence, rolling contact at P1 should be expressed by the equality
of the velocity of contact point P1 along the finger-tip circle to
the velocity of P1 moving on the object side surface with the
reverse direction to that of e1 at instant t, that is,

r1ϕ̇1 +
d
dt

Y1(t) = 0 (55)

where Y1(t) stands for the right hand side of (54) and ϕ1 is de-
fined as follows (see Fig. 3):

ϕ1 = π + (θ + θ1) − (q11 + q12 + q13) (56)

The contact constraint at the right hand finger is expressed anal-
ogously to (52), which results in the form:

Q2 = (xm − x02) cos(θ + θ2) − (ym − y02) sin(θ + θ2)

+(r2 + ln2(s2)) = 0 (57)

where s2 denotes the arclength parameter of the contour de-
scribing the right hand object surface and

ln2(s2) = X(s2) cos θ2 − Y(s2) sin θ2 (58)

The rolling constraint is also expressed as

−r2ϕ̇2 +
d
dt

Y2(t) = 0 (59)

where

ϕ2 = −π + (θ + θ2) − (q21 + q22) (60)

Y2(t) = −(xm − x02) sin(θ + θ2)

−(ym − y02) cos(θ + θ2) (61)

By introducing Lagrange’s multipliers f1 and f2 associated with
Q1 and Q2 respectively, suppose a Lagrangian of the form

L =
∑
i=1,2

1
2

q̇T
i Gi(qi)q̇i +

1
2

M
(
ẋ2

m + ẏ2
m

)

+
1
2

Iθ̇2 − f1Q1 − f2Q2 (62)

where q1 = (q11, q12, q13)T, q2 = (q21, q22)T, Gi(qi)denotes the
inertia matrix for finger i (i = 1, 2), M and I denote the mass
and inertia moment of the object.

More in detail about the rolling constraints, ϕ1 and Y1 in (55)
originally include the arclength parameter s1. Nevertheless, it is
fortunate to find that (55) is integrable in the sense of Frobenius.
In fact, let us define

R1(t, s1) = r1 {θ + θ1(s1) − p1} + s1 + Y1 − le1(s1) (63)

and see that ∂R1(t, s1)/∂t = 0 is reduced to (55), where p1 =

q11 + q12 + q13. On the other hand it is possible to see (the
details is given in Appendix) that

dR1

dt
=
∂R1

∂t
+
∂R1

∂s1

ds1

dt
= 0 (64)

Hence, it is possible to define R̃1 = R1(t, s1(t)) − R1(0, s1(0))
and rewrite the Lagrangian

L̃ = L −
(
λ1R̃1 + λ2R̃2

)
(65)

Fig. 6 Definitions of geometrical symbols around the right hand contact
point.

Finally, from the variational principle, the Lagrange equation
of motion of the overall fingers-object system is obtained:

Iθ̈ − f1Y1(t) + f2Y2(t) − λ1ln1(s1) + λ2ln2(s2) = 0 (66)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Mẍ − f1 cos(θ + θ1) + f2 cos(θ + θ2)

−λ1 sin(θ + θ1) − λ2 sin(θ + θ2) = 0 (67)

Mÿ + f1 sin(θ + θ1) − f2 sin(θ + θ2)

−λ1 cos(θ + θ1) − λ2 cos(θ + θ2) = 0 (68)

G1(q1)q̈1 +

{
1
2

Ġ1 + S 1

}
q̇1 + f1JT

1 (q1)n1(θ)

+λ1

{
JT

1 (q1)e1(θ) − r1(1, 1, 1)T
}
= u1 (69)

G2(q2)q̈2 +

{
1
2

Ġ2 + S 2

}
q̇2 + f2JT

2 (q2)n2(θ)

+λ2

{
JT

2 (q2)e2(θ) + r2(1, 1)T
}
= u2 (70)

where xm = x and ym = y for simplicity, and

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

n1(θ)=

(
cos(θ + θ1)
− sin(θ + θ1)

)
, e1(θ)=

(
sin(θ + θ1)
cos(θ + θ1)

)

n2(θ)=

(− cos(θ + θ2)
sin(θ + θ2)

)
, e2(θ)=

(
sin(θ + θ2)
cos(θ + θ2)

) (71)

and definitions of θ2(s2), e2(s2), and n2(s2) are given in Fig. 6.
Equations (66) ∼ (68) express motion of the object. They are
recast in the form

H0 ż − f1w1 − f2w2 − λ1w3 − λ2w4 = 0 (72)

where H0 = diag(M,M, I) and

w1 =

(
n1

Y1

)
, w2 =

(
n2

−Y2

)
,

w3 =

(
e1

ln1

)
, w4 =

(
e2

−ln2

)
(73)

These four vectors are of a two-dimensional wrench vector. If
we define⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

X = (x, y, θ, qT
1 , q

T
2 )T, u = (0, 0, 0, uT

1 , u
T
2 )T

G(X) = diag(M,M, I,G1(q1),G2(q2))

S (X, Ẋ) = diag(0, 0, 0, S 1, S 2)

(74)

then equations (66) ∼ (68) can be rewritten in the form
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G(X)Ẍ +
{

1
2

Ġ + S

}
Ẋ + f1

∂Q1

∂X
+ f2
∂Q2

∂X

+λ1
∂R1

∂X
+ λ2
∂R2

∂X
= u (75)

According to change of the contact points P1 and P2 rolling on
their corresponding finger-end spheres and object side surfaces,
the arclength parameters s1 and s2 should be updated in the
following way

dsi

dt
=
−(−1)iri

1 + riκi(si)
(ṗi − θ̇), i = 1, 2 (76)

where κi(si) denote curvatures of the object contours at con-
tacts. Derivation of (76) is discussed in Appendix.

5. Lifting in Horizontal Space and Force/Torque Bal-
ance

The Euler equation of (75) can be expressed in a similar form
to (4) by introducing the constraint vector Φ and the vector of
Lagrange multipliers λ as

Φ = (Q1,R1,Q2,R2), λ = ( f1, λ1, f2, λ2)T (77)

Then, (75) can be written in the form

G(X)Ẍ +

{
1
2

Ġ + S

}
Ẋ +
∂Φ

∂X
λ = u (78)

which must be valid for the constraint Φ = (0, 0, 0, 0). We de-
note the (n−4)-dimensional kernel space of ∂Φ/∂X by VX and
its 4-dimensional orthogonal compliment as the image space of
∂Φ/∂X by HX .

First, in order to find an adequate lifting that belongs to
the image space HX and realizes the force/torque balance (see
(72)) in the sense that

f1dw1 + f2dw2 + λ1dw3 + λ2dw4 = 0 (79)

we remark that(
xm − x01

ym − y01

)
= Rθ+θ1

(
r1 + ln1(s1)
−Y1

)
(80)

−
(

xm − x02

ym − y02

)
= Rθ+θ2

(
ln2(s2) + r2

Y2

)
(81)

where

Rθ+θ1 = (−n1(θ), e1(θ))

=

(
cos(θ + θ1) sin(θ + θ1)
− sin(θ + θ1) cos(θ + θ1)

)
(82)

We define Rθ+θ2 and Rθ similarly. Then, it follows from (80)
and (81) that

−
(

x01 − x02

y01 − y02

)

= Rθ

{
Rθ1

(
r1 + ln1(s1)
−Y1

)
+ Rθ2

(
r2 + ln2(s2)

Y2

)}

= Rθ

(
l (s,Y1,Y2)
−d (s, Y1,Y2)

)
(83)

where s = (s1, s2) and⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

l(s, Y1,Y2) = (r1 + ln1) cos θ1 + (r2 + ln2) cos θ2
−Y1 sin θ1 + Y2 sin θ2

d(s,Y1,Y2) = (r1 + ln1) sin θ1 + (r2 + ln2) sin θ2
+Y1 cos θ1 − Y2 cos θ2

(84)

Thus, let us define
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

fid =
fd

r1 + r2
{l cos θi + d sin θi}

λid = (−1)i fd
r1 + r2

{−l sin θi + d cos θi}
i = 1, 2 (85)

and remark that they satisfy

f1d n1 + f2d n2 + λ1de1 + λ2de2 = 0 (86)

Further, the right hand side can now be written as follows:

f1dw1 + f2dw2 + λ1dw3 + λ2dw4 = (0, 0, S N)T (87)

where

S N=
fd

r1+r2

{
− (l cos θ1+ d sin θ1)Y1

+(l cos θ2+d sin θ2)Y2 − (l sin θ1−d cos θ1)ln1

−(l sin θ2− d cos θ2)ln2

}

=
fd

r1+r2

{
l(r1 sin θ1+r2 sin θ2) − d(r1 cos θ1+r2 cos θ2)

}
(88)

This shows according to (87) that, if S N tends to vanish, then
the force/torque balance is established, that is, the total sum of
wrench vectors exerted to the object becomes zero.

6. Control Signal for Blind Grasping and a Morse-
Lyapunov Function

From the practical standpoint of designing a control signal
for stable grasping, it is important to see that objects to be
grasped are changeable but the pair of robot fingers are always
the same. That is, for designing control signals, we are un-
able to use physical parameters of the object such as the loca-
tion (xm, ym) of its mass center and object geometry. On the
contrary, it is possible to assume the knowledge of finger kine-
matics like finger link lengths and locations of the centers of
finger-end spheres and to use measurement data of finger joint
angles and angular velocities. In view of these points, let us
propose a family of control signals defined by

ui = −ciq̇i + (−1)i fd
r1 + r2

JT
i (qi)

(
x01 − x02

y01 − y02

)
− riN̂iēi,

i = 1, 2 (89)

where

N̂i(t) = γ
−1
i riēT

i (qi(t) − qi(0)) (90)

and ē1 = (1, 1, 1)T, ē2 = (1, 1)T, ci denotes a damping factor,
and γi > 0 a positive gain specified later.

The closed-loop dynamics of motion of the overall fingers-
object system can be derived by substituting ui of (89) into (75)
for i = 1, 2. In order to spell out the dynamics in a more phys-
ically meaningful way for later discussions, first note the fol-
lowing three equalities:

1
2

{
(x01 − x02)2 + (y01 − y02)2

}
=

1
2

(l2 + d2) (91)

fid
∂Qi

∂qi
+ λid

∂Ri

∂qi
= (−1)i

[
JT

i

{
− fid

(
cos(θ + θi)
− sin(θ + θi)

)
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+λid

(
sin(θ + θi)
cos(θ + θi)

) }
− λidriēi

]

=
(−1)i fd
r1 + r2

{
−JT

i Rθ

(
l
−d

)
− λidriēi

}

= (−1)i fd
r1 + r2

{
JT

i

(
x01 − x02

y01 − y02

)
− λidriēi

}
,

i = 1, 2 (92)

Then, by substituting (87), (91), and (92) into equations (66) to
(70), it is possible to express the closed-loop dynamics in the
following forms:

Iθ̈ − Δ f1Y1 + Δ f2Y2 − Δλ1ln1 + Δλ2ln2 − S N = 0 (93)

M

(
ẍ
ÿ

)
−Δ f1n1(θ) −Δ f2n2(θ) −Δλ1e1(θ) −Δλ2e2(θ) = 0

(94)

Giq̈i +

{
1
2

Ġi + S i

}
q̇i + ciq̇i + Δ fiJ

T
i ni(θ)

+Δλi

{
JT

i ei(θ) + (−1)iriēi

}
+ ri

{
(−1)iλid + N̂i

}
ēi = 0,

i = 1, 2 (95)

Similarly to the form of (78), these equations can be written in
the following way:

G(X)Ẍ +
{

1
2

Ġ + S +C

}
Ẋ +
∂Φ

∂X
Δλ

+S N bθ +
∑
i=1,2

{
N̂i + (−1)iλid

}
bi = 0 (96)

where

Δλ = ( f1 − f1d, f2 − f2d, λ1 − λ1d, λ2 − λ2d)T (97)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
bθ = (0, 0, 1, 0, 0, 0, 0, 0)T

b1 = (0, 0, 0, 1, 1, 1, 0, 0)T

b2 = (0, 0, 0, 0, 0, 0, 1, 1)T
(98)

At this stage, it is important to note that in accordance with four
constraints Φ = 0, the velocity vector Ẋ belongs to the kernel
space of (∂Φ/∂X)T and therefore Ẋ

T
∂Φ/∂X = 0. Further by

using (89) and taking inner product of (78) and Ẋ, we obtain

d
dt

⎧⎪⎪⎨⎪⎪⎩K+
fd

2(r1+r2)

{
(x01−x02)2+ (y01−y02)2

}
+
∑
i=1,2

γi

2
N̂2

i

⎫⎪⎪⎬⎪⎪⎭
= −

∑
i=1,2

ci‖q̇i‖2 (99)

where K denotes the system’s kinetic energy defined by

K =
∑
i=1,2

1
2

q̇T
i Gi(qi)q̇i +

M
2

(ẋ2 + ẏ2) +
I
2
θ̇2 (100)

The relation of (99) must be equivalently derived by taking
inner product of Ẋ and the closed-loop dynamics of equation
(96). To verify this, let us define

p1= q11+ q12+ q13= ēT
1 q1, p2= q21+ q22= ēT

2 q2 (101)

P=
fd

2(r1+r2)

{
l2(s,Y1, Y2)+d2(s,Y1,Y2)

}
+
∑
i=1,2

γi

2
N̂2

i (102)

where l and s are defined in (84). It should be remarked that,
with the aid of expressions of integral form of rolling con-
straints shown in (63), we have

∂l
∂θ
= −∂Y1

∂θ
sin θ1 +

∂Y2

∂θ
sin θ2

= −r1 sin θ1 − r2 sin θ2 (103)
∂d
∂θ
= r1 cos θ1 + r2 cos θ2 (104)

and hence

∂P
∂θ
=

fd
r1 + r2

{
l
∂l
∂θ
+ d
∂d
∂θ

}

=
fd

r1+r2
{−l(r1 sin θ1+r2 sin θ2)+d(r1 cos θ1+r2 cos θ2)}

= S N (105)

Similarly, from (63), (56), and (60) we have

∂P
∂pi
=

fd
r1 + r2

{
l
∂l
∂pi
+ d
∂d
∂pi

}
+ γiN̂i

∂N̂i

∂pi

= (−1)i fd
r1+r2

{
l
∂Yi

∂pi
sin θi − d

∂Yi

∂pi
cos θi

}
+ γiN̂i

∂N̂i

∂pi

=
−ri fd

r1 + r2
{l sin θi − d cos θi} + riN̂i

= (−1)iriλid + riN̂i, i = 1, 2 (106)

Thus, the inner product of Ẋ and (96) or the relation of (99) is
reduced to

d
dt
{K + P} = −

∑
i=1,2

ci‖q̇i‖2 (107)

In other words, the closed-loop dynamics of (96) can be ex-
pressed in the form

G(X)Ẍ +
{

1
2

Ġ + S +C

}
Ẋ +
∂P
∂X
+
∂Φ

∂X
Δλ = 0 (108)

This is interpreted as a Lagrange equation of the Lagrangian

L = K − P − ΦΔλ (109)

in accompany with the external damping torques ciq̇i for i =
1, 2 through finger joints. The scalar function P defined by
equation (102) is a quadratic function of Y1, Y2, p1, and p2 and
hence it is regarded as a quadratic function of θ, p1, and p2 since
Yi can be regarded as a linear function of θ and pi for i = 1, 2
because of (63), (56), and (60). Hence, P can be regarded as
a Morse function defined on the Riemannian submanifold in-
duced by four constraints described by Qi = 0 and Ri = 0 for
i = 1, 2.

7. Physical Insights into Gradient and Hessian of the
Morse Function

The physical meaning of control signals for blind grasping
defined by (89) is quite simple. The first term of the right hand
side of (89) plays a role of damping for rotational motion of
finger joints. Damping for motion of the object is exerted from
velocity constraints Q̇i = 0 and Ṙi = 0 for i = 1, 2 as discussed
in detail in the previous paper [1]. The second term plays a role
of fingers-thumb opposition that induces minimization of the
distance between O01 and O02, centers of finger-end spheres.
The distance is equivalent to

√
l2 + d2 as discussed in section

5. The third term plays an important role in suppressing excess
movements of rotation of finger joints. These characteristics of
the control signal condense into the Lagrange equation of mo-
tion with 1) the potential P(s, θ, p1, p2) of (102), 2) the lifting
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Table 1 Hessian matrix of the potential P.

∂2P
∂θ2
=
∂S N

∂θ
=

fd
r1+r2

{
∂l
∂θ

(r1 sin θ1+ r2 sin θ2)

−∂d
∂θ

(r1 cos θ1+ r2 cos θ2)

}

=
fd

r1+r2

{
(r1 sin θ1+ r2 sin θ2)2 + (r1 cos θ1+ r2 cos θ2)2

}

=
fd

r1+r2

{
r2

1 + r2
2 + 2r1r2 cos(θ1 − θ2)

}
(T-1)

∂2P

∂p2
i

= r2
i

{
fd

r1+r2
+

1
γi

}
, i = 1, 2 (T-2)

∂2P
∂pi∂θ

= − fd
r1+r2

{
r2

i + r1r2 cos(θ1 − θ2)
}
, i = 1, 2 (T-3)

∂2P
∂p2∂p1

= − r1r2 fd
r1+r2

cos(θ1 − θ2) (T-4)

(∂Φ/∂X)λd, where λd = ( f1d, f2d, λ1d, λ2d)T, and 3) the gradient
∂P/∂X of the potential. In other words, equation (108) implies
that if the artificial potential P attains its minimum and, at the
same time, makes the gradient ∂P/∂X vanish at some s = s∗

(s = (s1, s2)T), and, moreover, the artificial potential were pos-
itive definite in X under the four constraints, then the equilib-
rium position that minimizes P would be asymptotically stable.
Unfortunately, P is a quadratic function with respect to only θ,
p1, and p2 and therefore P is only nonnegative definite in X.
Nevertheless, it is possible to show that the Hessian matrix of P
with respect to θ, p1, and p2 becomes positive definite in these
three variables as shown in Table 1 that is calculated by par-
tially differentiating the gradients ∂P/∂θ, ∂P/∂p1, and ∂P/∂p2

of equations (105) to (106) with respect to θ, p1, and p2 again.
Apparently, the Hessian becomes positive definite provided that
γi is chosen as being of similar order of (ri/ fd), and θi(si) re-
mains in a region such that |θi(si)| < π/6 for i = 1, 2. Then,
by using a similar argument used in proving the stability on a
submanifold for DOF-redundant systems [8],[9], a solution tra-
jectory to the Lagrange equation converges exponentially to the
constraint equilibrium manifold. In this paper we omit the de-
tails of the argument, but presents a physical meaning of the
gradient ∂P/θ together with ∂P/∂pi (i = 1, 2).

As shown in Fig. 7 all rotational motions of the object emerge
around axes that are perpendicular to the xy-plane. Here, we
consider the rotational moment that may emerge at the contact
point P2 exerted by the pressing force f 1 to the object from the
other contact point P1. Another force f 2 at P2 that presses the
object generates the torque around the z-axis at P1. The sum of
these torques around the z-axis can be expressed as

r1 × f 1 + r2 × f 2

=
−−−−→P1P2 × r1 fd

r1 + r2
n1 +
−−−−→P2P1 × r2 fd

r1 + r2
n2

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
X(s1) − X(s2)
Y(s1) − Y(s2)

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ×
r1 fd

r1 + r2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cos θ1
− sin θ1

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
X(s2) − X(s1)
Y(s2) − Y(s1)

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ×
r2 fd

r1 + r2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
− cos θ2
sin θ2

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

Fig. 7 The pressing force to the object at P1 in the direction n1 induces a
rotational moment around P2 and vice versa.

=
fd

r1+r2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0

−(X1− X2)(r1 sin θ1+r2 sin θ2)
−(Y1− Y2)(r1 cos θ1+r2 cos θ2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (110)

where we denote Xi = X(si) and Yi = Y(si) for abbreviation.
We see also that, from geometric relations of the vectors −−−−→OmPi,
and quantities Yi, and lni, expressed in local coordinates Om-XY
(see Fig. 5) it follows that(

l
−d

)
= r1

(
cos θ1
− sin θ1

)
+ r2

(
cos θ2
− sin θ2

)

+Rθ1

(
ln1

−Y1

)
+ Rθ2

(
ln2

−Y2

)

= r1

(
cos θ1
− sin θ1

)
+ r2

(
cos θ2
− sin θ2

)

−
(

X(s1) − X(s2)
Y(s1) − Y(s2)

)
(111)

Applying this relation to (110), we see that

r1 × f 1 + r2 × f 2

=
fd

r1 + r2

⎛⎜⎜⎜⎜⎜⎜⎝0, 0, l
∑
i=1,2

ri sin θi − d
∑
i=1,2

ri cos θi

⎞⎟⎟⎟⎟⎟⎟⎠
T

= (0, 0, S N)T (112)

As a summary of the argument, it is possible to conclude that
a solution trajectory to (108) converges asymptotically to some
equilibrium state X = X∗ with some s = s∗ with ∂P/∂X = 0 at
X = X∗ and s = s∗.

8. Conclusions
A natural extension of a hybrid position/force control for

robots with redundant degrees-of-freedom is presented by an
extented Riemannian geometric approach. It is shown that
any supply of the constant pressing force to the environment
through joint actuations is not relevant to motions in the kernel
space of the gradient of the constraint. An extension of prob-
lems of grasping and manipulation of rigid objects to the case of
2-dimensional objects with arbitrary shape is also treated from
the viewpoint of Dirichlet-Lagrange’s stability by introducing
a non-negative definite Morse function on a Riemannian sub-
manifold together with a damping shaping.

It should be remarked that, if an object to be grasped and ma-
nipulated by a pair of robot fingers is of arbitrary shape, con-
straint submanifolds and tangent bundles must be parametrized
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by arclength parameters of the object contours. Therefore, the
Euler equation must be accompanied with a set of first-order
differential equations for updating the arclength parameters, in
which curvatures of the contours appear as quantities of the
second-order fundamental form.
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Appendix
Suppose that the contact point P1 on the left hand fingerend

with the object contour moves along the fingerend circle start-
ing from the initial time t = 0 to the present t (Fig. 6). The
arclength of its movement can be expressed by

−{s1(t) − s1(0)} = r1{ϕ1(t) − ϕ1(0)}
= r1

[{θ(t)+ θ1(s1(t))−p1(t)} − {θ(0)+ θ1(s1(0))−p1(0)}]
(A. 1)

Taking the derivative of both sides of (A. 1) and denoting
the curvature of the object contour by κ1(s) that is equal to
dθ1(s)/ds, we have

−ds1

dt
= r1(θ̇ + ṗ1) + κ1(s1)

ds1

dt
(A. 2)

which is reduced to (76).
In light of (A. 2) and (55), we define a scalar function

R1(t, s1) = r1{θ + θi(s1) − p1} + s1 + Y1 − le1(s1) (A. 3)

It is then easy to see that

d
dt

le1 =
ds1

dt
− ln1(s1)

dθ1
ds1

ds1

dt
(A. 4)

d
dt

Y1 = (ẋ01 − ẋ) sin(θ + θ1) + (ẏ01 − ẏ) cos(θ + θ1)

−(r1 + ln1)

(
θ̇ +

dθ1
ds1

ds1

dt

)

= r1 ṗ1 + ln1θ̇ − (r1 + ln1)

(
θ̇ +

dθ1
ds1

ds1

dt

)
(A. 5)

Thus, substituting (A. 4) and (A. 5) into the time derivative of
R1 of (A. 3), we see that

d
dt

R1 =
∂R
∂t
+
∂R
∂s1

ds1

dt
= 0 (A. 6)

Hence, it is possible to define R1(t) = R̃1(t)− R̃1(0) and thereby
regard the equality R1(t) = 0 as a holonomic constraint. Note
that differentiation of R1(t) in t under fixed s1 yields (59).
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